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Abstract An attempt ha,s been made to investigate analytically the mechanKal hchavioui of an open-circuited pie/oelectnc quart/ bai, one end
ot which IS subjected to some prescribed electrical and thermal excitations while the other end is kept fixed The method (3l ofierational calculus has been 
used and the numerical results aie illustrated graphically For time scale ranging from 0 to Is variations ot mechanical disturbances exhibit parabolic in 
nature and it is found to be of the order of 10 '' m
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1. Introduction
T he stu d ies  o f  p ie z o e le c tr ic  transducers from  the stand poin t o f  
m ech a n ics o f  co n tin u o u s m ed ia  h a v e  been in itiated  by a num ber  
ol w ork ers [1-5J etc. H o w ev er , the p rob lem s m the therm o- 
p ie /o c lc c tr ic ity  h a v e  b een  rarely co n sid ered  in the literature. In 
v iew  o f  va rio u s practica l a p p lica tio n s  in d ifferen t branches o f  
p h y sic s  and te c h n o lo g y , the re levant p ro b lem s are ex trem ely  
important. Earlier w orkers like Sinlia | 6], D as [7), G ibbs [8], wSasaki 
and T akcuch i [91 etc. d i.scussed  the situ ation s w here tw o  fie ld s, 
viz. m ech a n ica l and e lec tr ica l interact w ith  each  other. C ertainly, 
the stu d ies  b e c o m e  m o re  in terestin g  i f  the a b o v e  in teraction  is 
co u p led  w ith  a therm al f ie ld . T h e presen t study is an attem pt to  
th is en d  and is a fo l lo w -u p  o f  the papers by S a m o ilo v  and  
Shchedrina (101, Paul and R am an  [ 11] and Im ano and O kuyam a
[12].
T h e  p resen t p a p er  d e a ls  w ith  a p ro b lem  o f  m e c h a n ic a l  
b eh av iou r o f  an o p en -c ircu ite d  p ie z o e le c tr ic  bar, o n e  end  o f  
w h ich  is  su b jec ted  to  so m e  p rescrib ed  e lec tr ica l and therm al 
e x c ita tio n s  w h ile  th e  o th er e n d  is k ep t fix ed . S in c e  th is problem  
in v o lv es  the interaction  o f  three fie ld s, viz.y e lectrical, m echanical
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and therm al. M a x w e ll’s eq u a tio n , eq u ation  o f  e la s tic ity  and the 
heat f lo w  eq u ation  have been  u sed  and the so lu tio n  is obtained  
w ith  the a id  o f  o p e r a tio n a l c a lc u lu s . T h e v a ria tio n  o f  the  
m ech a n ica l d istu rb an ces w ith  lim e  is found  to be parabolic in 
nature and is  o f  the order o f  10' *  ^m .
T he present study is perhaps u sefu l in the fie ld s  ot a cou stic  
s ig n a l p r o c e s s in g , su r fa ce  a c o u s t ic  w a v e  a p p lic a tio n s  and  
aco u stic  delciy lin es.
2. The problem, fundamental equations and boundary 
conditions
Wc co n sid er  here an o p cn -c ircu ilcd  p ie z o -q u a r l/ bar, one end ol 
w h ich  is su b jected  to  so m e  prescribed  elec tr ica l and therm al 
ex c ita tio n s  w h ile  the other end is  kept fixed . O ur object is to  
obtain  the m ech a n ica l resp o n se  ex h ib ited  by the bar W e shall 
co n sid er  here transient input s ign a l.
S in ce  the p rob lem  in v o lv e s  the in teraction  o f  three fie ld s , 
viz., m echan ica l, electrical and therm al, w c  m ust have an equation  
in v o lv in g  them . To d erive such  an equation , w e  take the relevant 
p ie z o e lec tr ic  eq u a tio n s
T ^ c B ^ / d x - h D - - X Q , ( 1)
(2)
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w h ere  V and ^  represent the e lec tr ica l v o lta g e  and heat influx
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w h ere 7 , ^ and 0 are stress, d isp la cem en t and tem perature in 
the jc-direction re sp e c tiv e ly , c is the e la s tic  stress c o -e f f ic ie n t , h r e sp e c tiv e ly  and and are co n sta n ts .
the p ie z o e le c tr ic  s tress  co n sta n t, p -  the e lec tro m ech a n ica l 
c o u p lin g  factor, A -  the th e m io e la s t ic  c o m p lia n ce , 7 -  the  
th e r m o - p ie z o e le c t r ic  m o d u lu s ,  D a n d  E are  th e  e le c t r ic  
d isp la cem en t and e lec tr ic  in ten sity  resp ectiv e ly .
T h e eq u a tio n  o f  m o tio n  in the x -d irec lio n  is  g iv e n  by
p d ^ ^ l d r  = d T l d x ,  (3)
w h ere  p  is  the d en sity  o f  p ie z o -e le c tr ic  m aterial.
'H ie e lec tr ic  d isp la cem en t D sa t is f ie s  the eq u ation  
d iv D  =  () .
To obta in  the eq u a tio n  fi>r the d isp la cem en t ^ , w e m u st 
m ak e so m e  s im p lify in g  a ssu m p tio n s, viz.
(i) T h e d im e n sio n  X o f  the bar is  sev era l tim es larger  
than Y or Z.
(ii) T h e X -Z  fa c e s  o f  th e  bar are co v ered  w ith  co n d u ctin g  
e le c tr o d e s  so  that d E  /dx=^0.
(iii) T h e X-Z  fa ces  o f  the bar arc th erm ally  in su lated  so  
that d o /  dx  = 0.
(iv) T h e end  at a =  X  is r ig id ly  fix ed .
N o w  from  cq . (3 )  w ith  the a id  o f  eq s. (1 )  and (2 ) and the 
a ssu m p tion s d E  / d x - 0  and dO / d x  = obtain the w a v e  
eq u a tio n
=a^d- 4/ d . x^ ,  
w here a  = ^ p c - h " ^ / p p .
(5)
N ow , for this problem , the fundam ental eq s. (1 ) , (2 )  and (5 ) are to  
b e so lv e d  subject to  the fo l lo w in g  boundary co n d it io n s  at a =  0
and x = X
(i) (1 ) . - ( ? , ) „ .
(ii)
(iii)
to g eth er  w ith
(a) V e x p  (-<ot).
(b ) 0 =  0^ e x p  (-(Ot),
( r > 0, w > 0)
(6)
(7)
3. Solution of the problem
A p p ly in g  L a p la ce  transform  to  eq s . (5 )  and (7 ) , w e  obtain
d^ l / dx^  / a - ) ^  ( R e p > 0 )  (8t
and  V ^ V q/ p + q),
0  =  0 ( )/p  +  C(J. (9)
T h e so lu tio n  o f  eq . (8) is g iv e n  by
^ — A ex p  {—p x l a ) ‘\rB ex p  ( px / a) ,  i 10)
w here A and B are con stan ts to b e determ ined  from  the bounclai) 
c o n d it io n s .
W c m ay m en tion  here that a w a v e  equation  o f  the form  o( cej
(5 ) is  sa tisf ied  e v e n  i f  the m ateria l be n o n -p iczo e lec tr ic  but with 
a d ifferent w a v e  v e lo c ity . T h erefore, w c  a ssu m e, after R edw ood  
| 4 | ,  that tw o  m ech a n ica l sy s tem s la b e lled  1 and 2 are attached t(' 
the tw o extrem ities o f  the bar at a ^  0  and a =  X. T he displacem ents 
in th ose m aterials w ill be sim ilar to ( 10) w ith  d ifferent va lues o{ A 
and By say  A^,B^ and A^, B  ^ in m ateria ls 1 and 2 resp ectiv e ly
T o d e v e lo p  n ext the relation  b e tw een  e lec tr ica l, m echanical 
and therm al q u an tities , w e  p u l, as m S in h a  | 6|
F = TYZ.V = EY.0= K6 / Y
w h ere P , V, 0  represent the m ech a n ica l fo rce , e lectrica l voltage  
and heat in f lu x  r e sp e c t iv e ly  and K d e n o te s  the con stan t ol 
d iffu sio n .
W ith  th ese  su b stitu tio n s, w e ob ta in ed  the required relation  
from  eq s. ( 1) and (2) as
F =  pa^ YZp[ - Ac x p i - px / a ) ^Bc Kp( px / a ) ]
- (hZ/ p)V  - { A - h ( / i y ) / ^ } ( 7 ^ Z / / O 0 ( 11)
F rom  eq s. (6), (9 ) , (1 0 )  and (1 1 ) , w e  ob tain  the fo llo w in g  
re la tio n s
B, ^  A
pa^YZp{~A + fi) - (hz / p) Vo(p+(o)
- { X  +  { h y / p ) } ( Y ^ Z / K ) « l > o / P  + to) =  pa^J.ZipB^
( 12)
(13)
(14)A e x p  ( ~ p X  / a ) 4 - R  e x p  ( p X / a )  =  0 .
S o lv in g  eq s. (1 2 )  -  ( 14 ) , w e  o b ta in  the v a lu es  o f  A and B as
A =  e x p  ( p X  J a )  p [ p ( /?  +  o > ){C 2 ex p  (~ /? X  / a )
- C ,  e x p  { p X  /c e )  } ]  \
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B = exp (-pX la )  p[p(p + (o){q cxp(pX/a)
-C2 exp (-pX la ) } ] ' ,
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Table 1. Numerical values of the mechanical dislurhtmces of piczo-quan/ 
bar ( )^,  ^ V.V time (t)
where
C2 /C , = [a]Y\Z\ - a ^ y 'Z ) / ( a ? r ,Z | + a^K Z ) = Q  (say) (15) 
and
/i = (/iZ/)3) Vo + {A + (/ly /p)} {Y^ZIK)(^^^.
Suhstiluling the values of A and B in cq. (10), we get,
= (-/^! C-’i ){ ' -  Co exp (- IpX  /  a )} " '
X { l - e x p ( ~ 2 p X / a ) } l / /> ( /?  +  £()), (16)
where Cq is given by eq. (15).
The inverse transform of cq. (16) is given by
( ^ )o  = [{ l-c x p ( - f t ) / ) } - ( 1  + Q ) { W ( f - 2 X / « )
-H{t-4X Ia )  + HU-6X  / « ) - ( ! - e x p  (-«?)/«■ }]
(~PlU)Cy). (17)
The eq. (17) gives out the mechanical disturbance of a piezo- 
quart/. bar.
4. D iscussion
For numerical calculation, the standard values of the numerical 
constants have been taken from [8-12] while values like X, Y, Z, 
io , Vy, 0 Q have been chosen suitably to facilitate the numerical 
calculations as fo llow s:
X =0.I m, K =Z=0.01 m, V„ = 30()V, = 4 .1 8 x 10  ^J.
Q) = 1.5 rad/s.
W ( r ) = 0 f o r f < 0  C o = 2 8 .3 3 , /^  =  5 . ( ) 2 x l 0 ^  ^ = 0 .0 3 ,
= 1 for r ^  0  a  = 1 A1=38()0, P = 2 .5 6 .
t (sec) (^)o X 10 '’ un)
0 0
0 1 - 1 25
0 2 -  2 40
0 3 -  3 45
0 4 4 40
0 5 -  5 25
0 6 - 6 05
0 7 - 6 75
0 8 7 25
0 9 7 85
1 0 -  8 25
0.0 0.2
t (sec) “4 
0 .4  0 .6 0.8 1.0
The variation o f mechanical disturbance with time is shown 
in the Table 1 .
The response given out by piezo-quartz bar is illustrated in 
Figure 1 . For time-scale ranging from 0  to 1 sec., variations of 
mechanical disturbances exhibit parabolic in nature and it is 
found to be o f the order of 10"* ^  in. The response reduces to 
zero as f -> 0  and this treatm ent is valid only within the 
investigated range of time.
Figure I. Variation of mechanical disturbance of u piezoelectric bar with 
time
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